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As for squares and roots equal to a number, it is as when you say this: a square and ten of
its roots equal thirty-nine dirhams.

Its meaning is that the square, if you add to it the equivalent of ten of its roots [is such
that] it will become thirty-nine.

Its method [of solution] consists in dividing the roots by two, and that is five in this
problem. You multiply it by itself and this will be twenty-five. You add it to thirty-nine.
This will give sixty-four. You then take its square root which is eight and you subtract
from it half [the number] of the roots and that is five. There remains three and that is the
root that you are seeking and the square is nine.

from Al-Khwarizmi, al-Jabr wa I-Mugabala (c. 860).
The text describes an algorithm for solving certain types of
quadratic equations through using the example x* + 10x = 39,

Algorithms have been around since the beginning of time and existed well before a
special word had been coined to describe them. Algorithms are simply a set of step
by step instructions, to be carried out quite mechanically, so as to achieve some de-
sired result. Given the discovery of a routine method for deriving a solution to a
problem, it is not surprising that the ‘recipe’ was passed on for others to use. Algo-
rithms are not confined to mathematics, although that is the focus of this book. The
Babylonians used them for deciding points of law, Latin teachers used them to get
the grammar right, and they have been used in all cultures for predicting the future,
for deciding medical treatment, or for preparing food. Everybody today uses algo-
rithms of one sort or another, often unconsciously, when following a recipe, using a
knitting pattern, or operating household gadgets.
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We therefore speak of recipes, rules, techniques, processes, procedures, methods,
etc., using the same word to apply to different situations. The Chinese, for example,
use the word shu (meaning rule, process or strategem) both for mathematics and in
martial arts. This has come into our language, via the Japanese, in the term ju-jitsu
meaning ‘procedural rules for suppleness’ or ‘algorithms for suppleness’. (The ‘ju’
comes from the Chinese shu.)

Our word algorithm derives directly from al-Khwarizmi, the author of the oldest
known work of algebra. His full name, Muhammad ibn Masa al-Khwarizmi means,
literally, Muhammad son of Miisa from Khwarezm, a region of central Asia, south of
the Aral Sea. He was a mathematician of the first half of the 9th century and his
book al-Mukhtasar fi Hisab al-Jabr wa l-Muqabala gave us the word ‘algebra’ from
‘al-Jabr’.

In the 12th century, this work and others were translated from Arabic into Latin
and so the denary positional numeration system then began to spread throughout
mediaeval Europe. Since the written sources were Arabic, the numerals came to be
referred to as ‘Arabic’, although the signs for the numerals had been adapted from
Indian practice. In the Latin texts of the Middle Ages we often come across the con-
flict between the advantages of using the new positional notation calculation meth-
ods compared with the traditional counting table or abacus methods. The new
methods were described as algorisms or algorismus or algorithmus, and so the word
came to be used to describe particular routine arithmetic procedures.

During the course of time, the meaning of the word became extended, so that
d’Alembert, in an article in the Encylopédie wrote:

Arab term, used by several authors, and particularly by the Spanish to mean the practice of
algebra. It is also sometimes taken to mean arithmetic by digits ... The same word is taken to
mean, in general, the method and notation of all types of calculation. In this sense, we say the
algorithm of the integral calculus, the algorithm of the exponential calculus, the algorithm of
sines, etc.

In the end, the term algorithm has come to mean any process of systematic cal-
culation, that is a process that could be carried out automatically.

Today, principally because of the influence of computing, the idea of finiteness
has entered into the meaning of algorithm as an essential element, distinguishing it
from vaguer notions such as process, method or technique. Thus, the Encyclopaedia
Britannica (15th edn.) describes an algorithm as a:
systematic mathematical procedure that produces - in a finite number of steps - the
answer to a question or the solution of a problem.

The concern with finiteness arose in a more general context in Hilbert’s 10th
Problem, posed in 1900 at the Second International Congress of Mathematicians in
Paris: given a polynomial equation with arbitrary rational coefficients, “a method is
sought by which it can be determined, in a finite number of operations, whether the
equation is solvable in rational numbers”.

Here we have a finite number of operations, a finite number of input values, but
also a finite number of solution procedures, that is that each step should be able to
be carried out by a finite process - something which is not possible, for example, in
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The spirit of Arithmetic looks down on the quarrel between the new ‘algorists’ using written
numerals and the traditional ‘abacists’ with their counting table, from an illustration in Mar-
garita Philosophica, 1504.

determining the quotient of two incommensurable real numbers. We also refer to an
effective procedure, that is one that will effectively achieve a result (in a finite time).

The formalisation of these concepts, by logicians from the 1930s, allowed Mati-
jasevig, at the 1970 International Congress of Mathematicians in Nice, to be able to
declare a negative answer to Hilbert's problem. The formalisation particularly pre-
occupied computer scientists, a computer program is simply an algorithm and a
computer language is a language for writing algorithms that a computer is able to
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read and act on. The study of the formalisation of the idea of algorithm and the idea
of an ideal computing machine are touched in the final chapter of this book.

In selecting processes of an algorithmic nature to illustrate the history of algo-
rithms, it may appear that we have not always accepted the modern restriction that
algorithms must be finite. The way that a calculation procedure is described, may be
such that the final step can never be done; but in practice, the process is halted at
some previously agreed stage. For example, consider determining limit values for
by Archimedes’ method (Section 5.1). The repeated calculations of the lengths of the
inscribed and escribed polygons of a circle, doubling the number of sides at each
step, will enclose the required number between closer and closer limits. The process
can never end at the true value; but we can agree before we start that we shall stop
when the difference between the exact value and the approximate value is suffi-
ciently small, and in this way we turn the procedure into a finite one.

There is also another idea present in algorithmic procedures: that of iteration or
recurrence. Thus, in the 1950s, the term algorithm was used essentially, and anach-
ronistically, to refer to Euclid’s algorithm. This was for determining the greatest
common divisor of two integers: the calculations involve successive divisions until
the remainder becomes zero. Finiteness lies in the automatic arrival at a zero re-
mainder after a finite number of divisions. Iteration appears in the process through
repeated division.

Also, although iteration is not an essential element of an algorithm, it has such an
importance that we have tried to show its presence when it is not explicitly obvious,
sometimes going further than the original thoughts of the author of the algorithm.
We see this, for example, in Newton’s method for approximating a root (Chapter 6).
In the process of formalising the process, recurrence formulas arise. This
recurrence, traditionally handled by iteration, is frequently shown today in a
recursive way. Iteration, recurrence, recursivity are each distinct notions but
intrinsically linked, playing a fundamental role in both the practice of algorithms
and in their theoretic treatment.

We have had to make choices. The texts presented here are almost exclusively to
do with numerical algorithms. We have chosen not to include algorithms from other
fields, such as geometry or logic.

Each chapter is organised around a number of original texts selected to reflect
different aspects of the same theme. The criteria used for selecting texts, apart from
their originality and historical interest, is that they should be accessible to mathe-
matical students, though the later chapters are more suitable for university under-
graduate mathematicians, and to make them easier to use we have sometimes
avoided purely literal translations. The texts are set in their historical context and for
each text we have explained the mathematics in an attempt to make the original
easier to understand. Naturally, any reading of historical texts poses problems of in-
terpretation, and we have sometimes had to decide on a preferred interpretation.
The references at the end of each chapter are intended to provide the reader with a
starting point for further reading. What we have tried to do, without claiming to be
exhaustive, is to provide historical support for contemporary algorithmic proce-
dures, and to do this through the use of original texts. This added cultural under-
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pinning may be used to pose valid questions about problems which are sometimes
viewed from a purely abstract perspective.

The themes dealt with are as follows: 1. Elementary Arithmetic Operations,
2. Magic Squares, 3. Methods of False Position, 4. Euclid’s Algorithm, 5. Determining
the Value of 7, 6. Newton’s Method, 7. Successive Approximations, 8. Arithmetic Al-
gorithms, 9. Linear Systems, 10. Interpolation, 11.Quadratures, 12. Differential
Equations, 13. Function Approximation, 14. Acceleration of Convergence, 15. The
Concept of Algorithm.

The first three chapters deal with distinct topics and ways of treating them. Al-
though they deal with relatively elementary problems, they bring together methods,
sometimes similar and sometimes quite different, that were used in widely different
cultures, and so reflect ways of thinking about mathematics among Egyptian, Baby-
lonian, Indian, Greek, Chinese and Arab civilisations. The next three chapters -
Euclid’s Algorithm, Newton’s Method and Determining nt - are concerned with more
elaborate methods or problems. These have evolved over time and illustrate in-
creasing sophistication of techniques and raise questions that remain of contempo-
rary concern.

The first eight chapters of A History of Algorithms focus on questions whose ori-
gins are ancient, and they are essentially problems about number. The later chapters
concern algorithms for handling more complex concepts. For example, the chapter
on linear systems provides solutions which are arrays of numbers, today called vec-
tors, and the chapter on approximation of functions shows methods for obtaining
general functions. A quick glance at the table of contents might suggest that this is a
standard work of numerical analysis, with chapters devoted to interpolation, linear
systems, quadratures, differential equations, acceleration of convergence, etc. But the
perspective of the book is quite different: the emphasis is on the historical introduc-
tion of techniques and on the particular value of the historical text as a way of un-
derstanding the initial idea and intention of its author. We think this helps to throw
new light on certain questions.

This granted, the technical nature of the subject today is such as not to let us ad-
venture into more recent times. We have restricted ourselves to the end of the 19th
century, or just in to the 20th century, later developments only being referred to so as
to indicate frequently cited texts, which have already come to be regarded as classics.
In addition, we have restricted ourselves to algorithms concerned with what might
be called ‘natural’ questions, although this distinction may be sometimes difficult to
make. What we have not done is to deal with questions that are raised by the
mathematics itself; we do not, for example, look at algorithms for calculating the ei-
genvectors of a matrix.

This book, then, is addressed to students, to teachers and more generally to any-
one interested in algorithms or numerical analysis. It is not intended as a text book,
but to provide a cultural context, a sort of ‘source book’ for the history of mathematics,
but one which offers a different perspective by giving pride of place to algorithms.

The group of authors who prepared A History of Algorithms would like to express
their gratitude to those who have given them help in a number of ways. We should
mention, in particular, Colette Bloch, Alain Boyé, Christian Gilain, Maryvonne
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Hallez, Jean-Pierre Levet, Jean Masson, Angel Rial, Marie-Frangoise Roy, Michel Ser-
fati and Hourya Sinaceur. But we do not know any algorithm for providing us with
an exhaustive list.

Finally, the authors wish to give particular thanks to Chris Weeks for the consid-
erable work he has undertaken in preparation this English translation.



1 Algorithms for Arithmetic Operations

Many people regard arithmetic as a trivial thing

that children learn and computers do, but we

will see that arithmetic is a fascinating topic with

many interesting facets. [...] The way we do

arithmetic is intimately related to the way we
represent the numbers we deal with.

Donald Knuth

The Art of Computer Programming

Vol. 2; pp. 178,179

The basic arithmetic operations of the elementary school, multiplying and dividing,
appear to have derived from extremely early economic needs, certainly earlier than
the emergence of civilisations using writing. One of the earliest pieces of evidence of
an algorithm of this type is to be found on a clay tablet found at Shuruppak, near
Baghdad which concerns a problem of sharing. Engraved by a Sumerian at about
2500 BC, this tablet (see Section 1.1) illustrates the first of the ten episodes which we
have chosen to illustrate a history which would occupy several volumes if it were to
be written up in detail.

Although we have decided to present our story in a chronological order, we
should not expect to find a continuity of mathematical progression in these ‘snap-
shots’. We need to remember that, since the transmission of algorithms came about
through human contact, necessarily by chance, those that were remembered and
handed on were not necessarily the best (from our point of view) of what had then
been developed, but rather what was best understood at the time. Furthermore, an
algorithmic method became successful when the techniques it employed corre-
sponded to needs of the time.

Algorithms for arithmetic operations are closely dependent on the systems of
numeration in which they operate. A numeration system can be additive, like the
Roman number system, or it can be positional, as is ours today, it can use one or
more bases and, finally, it may or may not use zero. We shall see that these charac-
teristics determine the necessity and practice of these ancient algorithms.

When writing is present in a civilisation, it is no longer necessary to repeat the
same operations. Thus we see that the Babylonians and the Egyptians drew up
‘tables’ for certain basic calculations which they would be able to use for future cal-
culations (see Sections 1.2 and 1.3). At other times and places, people used other
ways to help their calculations: pebbles, marks in the dust, knotted strings (quipu),
tokens on a counting board in the Middle Ages, not to mention the beads on an aba-
cus frame still used today in many Asian countries (see Sections 1.6 and 1.7).
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As for ‘long’ multiplication using ‘tables’, this has an astonishingly long history
which ranges over place and time. It occurred in Ancient China, in the Arab world
and in mediaeval Europe (see Section 1.4). While starting out as a technique associ-
ated with writing, it became a technique using tools with Napier’s ‘bones’. Napier
went on to invent logarithms which radically simplified multiplications. Being im-
proved in the 19th century, Napier’s bones continued to be manufactured right up to
the 20th century, until they were replaced by calculation rules based on logarithms.
These last were dethroned before our very eyes with the advent of calculators.

For most purposes, a denary (base ten) numeration system became the most
commonly used, but its use for fractions was comparatively late. Although decimals
fractions had been in use from the 12th century, the ‘decimal point’ notation (see
Section 1.8) only came into general use with the arrival of tables of logarithms in the
17th century. Yet, despite the advantages of using base ten for numeration, the binary
system has proved to have significant advantages. Judged as a contest between de-
nary and binary numbers, it would seem that the advent of computers gives the vic-
tory (provisionally?) to the binary system (see Section 1.10), a system proposed by
Leibniz at the beginning of the 18th century (see Section 1.9): he noticed how easy it
was to carry out arithmetic operations with binary numbers. Finally, we note that an
interest in optimising arithmetic algorithms, that is in reducing the number of sepa-
rate elementary steps needed for a calculation, can already be found in manuscripts
from the Middle Ages (see Section 1.5).

1.1 Sumerian Division

The Sumerian civilisation flourished in southern Mesopotamia from about 3500 BC
to 2000 BC. The clay tablets found at Shuruppak, in the Euphrates valley to the south
of Baghdad, date from 2500 Bc and today belong to the Istanbul Museum.

This Sumerian civilisation had developed a numeration system which was addi-
tive, having special signs for 1, 10, 60, 600, and 3600. Thus its structure was both de-
nary and sexagesimal, that is both base ten and base sixty.

1 10 60 600 3600 36000

> o | D || O| K.O

Thus the number 163 would be written:

D D 60 60

O O00ODDD 10101010111
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Sumerian Tablets
Tablettes sumériennes de Shuruppak
Jestin, 1937, Plates XXI and CXLII

Tablet 50
1 granary 36000 36000
sila7 3600 3600 3600
3600 3600
each
man 600 600 60
receives 600 600 60
these
e 10 10 10 10 10 1
are remainder
3 sila of grain

Tablet 671

B0\ (EEEE
~ O 0000

O DDD
: Z > DDD

workers
grain sila 7 granary

36 000 36000 36000 36000
3600 3600 3600 3600 3600
each man receives 600 600 60 60 60

600 60 60 60

The two tablets we show above deal with the same problem: how can we share out
a ‘granary of grain’ between some men? Given the capacity of the granary, and how
much each man shall receive, the tablets show how many men can have a share. Thus
the two tablets give the result of a division. But although they start out with the same
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given values, they do not lead to the same result: one is exact, the other is not. This
fact is striking, and also very instructive. In fact, although the tablets do not tell us
what method was used to find the quotients, the erroneous result suggests the use of
an algorithm for division when large numbers occur, which is the case here for the
number giving the contents of the granary [9].

In general, the ancient documents we have give no indication of what procedures
were used to carry out the operations. Because of this, historians have to try to
imagine what algorithms might have led to the results that were obtained. Certainly
this process is not without danger, but a comparison of a variety of sources, where
they exist, can go some way to support interpretative hypotheses. It is in this spirit
that we offer here these two tablets which, since their publication, have given rise to
a number of interpretations [12].

The problem is about sharing out the contents of a ‘granary of grain’ between an
unknown number of men in such a way that each will receive 7 sil@ of grain, that is
about 7 litres. From other documents in our possession, it appears that the measures
used for recording the capacity of a granary were the gur and the sild: one ‘granary
of grain’ was equal to 2400 gur, and one gur was equal to 480 sila. Thus a ‘granary of
grain’ was equal to 1 152 000 sila. Dividing this by 7 gives 164 571, with 3 left over.

Tablet 50 gives this result exactly since 164 571 is equal to:

(4 x 36000) + (5 x 3600) + (4 x 600) + (2 x 60) + (5% 10) + 1

and there are 3 sila of grain left over.
On the other hand, Tablet 671 gives the quotient as:

(4 x 36000) + (5 x 3600) + (3 x 600) + (6 x 60),

that is 164160, and there is no indication of the remainder. This wrong answer allows
us to offer an explanation for the way the division was carried out [9]. Suppose that,
instead of carrying out the division of the number of sila, a very large number, the
division was done on the number of gur, then this means 2400 had to be divided by
7. This gives an answer of 342 with a remainder of 6. If we neglect the remainder, the
number of men turns out to be equal to:

342 x 480 = 164160, since one gur equal 480 sild.

We do not know what division algorithm was used by the Sumerians, but this ex-
ample allows us to make some remarks. It is clear that the complexity of the nu-
meration system does not lead to a simple and efficient method. Furthermore, divi-
sion by 7 is particularly difficult since the inverse of 7 does not have a finite form in
sexagesimals (see Section 1.2). It would seem that in Tablet 671 the scribe neglected
the remainder and worked with the larger unit of measure, the gur. In this way he
was able to work with smaller numbers, although neglecting the remainder results in
an error. There is no reason why we should conclude that this was a mistake. The
‘error’ is inevitable, and the scribe may well have been aware of it.
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1.2 A Babylonian Algorithm for Calculating Inverses

At the beginning of the second century before Christ, the Babylonians developed a
numeration system, traces of which remain with us today in our use of minutes and
seconds for time and angle measurement. This system is often referred to as a posi-
tional sexagesimal (base 60) number system, although this is not strictly true.

In fact, the Babylonian system keeps traces of the earlier additive system, since
the first 59 numbers are written additively, in base 10, using the symbols:

a vertical wedge shape T for the unit, and
a horizontal wedge shape <C for ten.

Thus, the numbers 32, 24 and 49 would be written, respectively, as:

<<<TT7 S T <<§ﬁ

Up until the Seleucid period, that is up to the third century BC, the Babylonians
did not employ a symbol for the absence of certain powers of 60, but simply left a
space within the number to show absence. Only the context of the calculations pro-
vided a clue to the correct interpretation of the number. Thus, the marks:

I7 <717 <<

which we write today as 2;13;20

may stand for 2x60° +13x60 +20,

or could just as easily stand for 2x60 +13 + 20/60,
or even 2% 60° +13x 60 + 20/60°,

To be completely general, it could stand for 2 x 60™ + 13 x 60" + 20 X 60° where m,
n and p are integers such that m > n > p.

In Babylonian texts we find division worked in two stages: first calculating the in-
verse of the divisor, then multiplying the result by the dividend. Hence, numbers
whose inverses have a finite form as sexagesimals are of particular interest. These
numbers are those of the form 27375, where p, q and r are positive or negative inte-
gers or zero. Historians refer to these numbers as regular.

The Babylonians have left us numerous ‘tables of inverses of regular numbers’.
The inverse of a regular number being also itself a regular number, the tables consist
of pairs of regular numbers each being the inverse of the other. One of these num-
bers is called igu and the other igibu, that is its igu. The ‘standard’ tables list num-
bers from 2 and 30 as far as 1;21 and 44;26;40. We can check that these are certainly
inverse pairs, since

2 % 30/60 = 1,and (1x 60 + 21) x (44/60 + 26/60% + 40/60%) = 81 x 160000/60* = 1.

There are other more important tables: the Tablet A06456 in the Louvre, dating
from the Seleucid period, consists of more than 200 pairs of regular numbers and
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their inverses. The last of these are 2;59;21;40;48;54 and 20;4;16;22;28;44;14;57;40;4;
56;17;46;40. We leave it to the reader to verify that these do in fact form an inverse
pair!

The tables were often constructed by duplation (doubling) and mediation (halv-
ing): if a and b are inverse pairs, then so are 2a and b/2. Here we have another algo-
rithm which lets us calculate the inverses of other regular numbers from a ‘standard’
table of inverses. This algorithm is in evidence in Tablet VAT 6505 in the Berlin Mu-
seum. Dating from the Old Babylonian Age, that is between 2000 BC and 1650 BC, it
contained originally a dozen calculations of inverses, of which only five remain visible.

Babylonian tablet
Mathematische Keilschrifitexte, Neugebauer, 1935
plate 43

’

(20
l,_ftj‘ H
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The translation in brackets has been constructed. The numbers of the problems are given in
the margin. The term igu has been translated as ‘number’.

First part of the tablet (beginning section is lost)

2

[The number is 4;10. What is its inverse?

Proceed as follows.

Form the inverse of 10, you will find 6.

Multiply 6 by 4, you will find 24.

Add on 1, you will find 25.

Form the inverse of 25], you will find 2;24.
[Multiply 2;24 by 6], you will find 14;24.

[The inverse is 14;24]. Such is the way to proceed.

[The number is 8;20]. What is its inverse?
[Proceed as follows.

Form the inverse of 20], you will find 3.
Mul(tiply 3 by 8], you will find 24.

[Add on 1], you will find [25].

[Form the inverse of 25], you will find 2;24.
[Multiply 2;24 by 3], you will find [7;12.

The inverse is 7;12. Such is the way to proceed].

[The number is 16;40. What is] its inverse?
[Pro]ceed as follows.

Form [the inverse of 6;40], you will find 9.
Multiply [9] by 10, you will find 1;30.

[Add] on [1], you will find 2;30.

Form [the inverse of 2];30, you will find 24.
[Multiply 24 by 9, you will find 3;36.

The inverse is 3;36. Such is the way to proceed].

Second part of the tablet (beginning section is lost)

6

[The number is 1;6;40. What is its inverse?

Proceed as follows.

Form the inverse of 6;40, you will find 9.

Multiply] 9 by 1, you will find 9.

Add on [1, you will find 10].

Form the inverse of 10, [you will find 6].

[Multiply] 6 by [9, you will find 54].

The inverse is 49 (read 54). [Such is the way to proceed].

The number is 2;13;20. [What is its inverse?]
Proceed as follows.

Form [the in]verse of 3;20, [you will find] 18.
Multiply 18 by 2;10, [you will find] 3(9].

Add on 1, [you will find] 40.

Form the inverse of 40, [you will find] 1;30.
Multiply 1;30 by 18, you will find 27.

The inverse is 27. [Such is the way to proceed].

Numbers 8 to 11 are missing. Of number 12, nothing remains except the beginning of the last
line: “Such is the way to proceed”. The tablet concludes with referring to “12 examples in all”.
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Despite the condition of the tablet, we can consider that it gives evidence of this
same algorithmic step: that is that larger inverse pairs can be calculated from known
smaller inverse numbers.

These problems may appear to lack coherence: they are just a sequence of arbi-
trary calculations on numbers apparently chosen at random. However, a careful
scrutiny of the seven problems shows us that the calculations are always carried out
in the same order and using the same model. This collection of identical steps allows
us to reconstruct the underlying algorithm. To better appreciate its generality and
how it works we shall write out the instructions, using letters in the place of numeri-
cal values (we use ¥ for the inverse of y).

The number is x. What is its inverse?
Proceed as follows.

Form the inverse of y, you will find y.
Multiply y by z. You will find .

Add on 1. You will find u.

Form the inverse of u. You will find u .
Multiply @ by y. You will find v.

The inverse is v. Such is the way to proceed.

The scribe calculates the inverse of a regular number x by writing it as the sum of a
regular number y, whose inverse is known, and a second number z. For example, in
problem 7, to calculate the inverse of x = 2;13;20, he writes this number as the sum of
the regular number y = 3;20, whose inverse is known, and another number z =2;10.
The inverse of y, which is 18, is given in a ‘standard’ table. Using the result:

i WS S
y+z Lyai1 vy

Y

we find that the inverse of a number x is the product of the inverses of y and u,
where

u=t+1=lxz+l.
¢

In this example, u=t+1=18x 210+ 1= 39+ 1 = 40. The number u is regular
since it is equal to x/y and x and y are regular numbers. The inverse of u, given in
standard tables, is 1;30. Therefore, the inverse of x is equal to 18 x 1;30 = 27.

This algorithm can also set up a recursive procedure. In fact, calculating the in-
verse of a number x can be reduced to calculating the inverses of two smaller num-
bers y and u, for which we can also apply the algorithm, if necessary.

Thus, in Tablet A06456, the scribe sets out a long list of inverse numbers which
allow him to calculate the inverse of x = 1;5;32;9;36. At each loop of the algorithm,
the scribe chooses a y, whose inverse is known from a standard table of inverses, and
applies the algorithm again to u. This is done until a u is found that is sufficiently
small to appear in a standard table. Using y; and u; for the numbers obtained at the
ith loop, the scribe obtains:
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x = 1;5;32;9;36 = 36 x 1;49;13;36 n =36 u; = 1;49;13;36
u; = 1;49;13;36 = 6 x 18;12;16 »n= 6 u, = 18;12;16
u; = 18;12;16 =16 x 1;8;16 y1=16 us = 1;8;16
u; = 1;8;16 =16 x 4;16 Yi=16 us = 4;16

ug = 4;16 =16x16 y¥s=16 us=16

..........................................

Each of the inverses, on the right hand side of the expression for the inverse of x, is
known from standard tables, and so the inverse of x can be calculated. This algo-
rithm corresponds, therefore, to a decomposition into regular factors of the number
whose inverse is being sought.

1.3 Egyptian Algorithms for Arithmetic

Throughout the four thousand years of their civilisation, the Egyptians used a num-
ber system that was additive and denary. Besides integers, the Egyptians also used
unit fractions, and the special fraction 2/3, as global entities. (It is interesting to note,
that the Chinese also considered 2/3 to be of particular importance, and they re-
ferred to it as the ‘large half’, while 1/3 was called the ‘little half’.) The Egyptians,
then, would write every ‘fraction’ as the sum of an integer, together with the fraction
2/3, if necessary, and a number of unit fractions, all of which were distinct. For ex-
ample, 97/42 would appear in hieroglyphic writing, the form used for inscriptions on
monuments, as:
i |

and in hieratic script, as used for writing on papyrus, as:

? > 1 |
that is: 1/7 1/2 2/3 1
since:97/42=1+2/3+ 1/2 + 1/7.

Hieroglyphic number symbols
1 10 100 1000 10 000 100 000 1000 000
vertical basket coiled lotus bent tadpole seated
stroke handle rope flower finger god
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The additive nature of the number system made the addition and subtraction of
integers easy, but the addition of unit fractions caused difficulties, since the unit
fractions that made up a ‘fraction’ had always to be distinct. This meant that twice
the unit fraction 1/(2n + 1) had to be written as the sum of distinct unit fractions.
Furthermore, they had to be able to recognise possible simplifications in a sum of
unit fractions. It was for that reason that the Rhind papyrus of 1650 BC - the most
important mathematical document in our possession, now held in the British Mu-
seum - begins with doubles of unit fractions and simplifying reductions like:

2/19=1/12+ 176+ 1/114 and 1+ 1/2+1/12+1/4+1/6=2

These decompositions, doubles of unit fractions and reductions, provide a ‘data
bank’ for carrying out more complicated procedures like multiplications, divisions
and ‘reducing to the same denominator’. In fact, we find in the Rhind papyrus algo-
rithms that allow these more complicated tasks to be reduced to two ‘elementary’
ones: doubling or duplation, and halving or mediation. We present here two extracts
from the Rhind papyrus: the first concerns multiplication by doubling, the second
uses the ‘method of auxiliary reds’ to ‘reduce to the same denominator’a sum of unit
fractions. Each extract shows the hieratic script, as it appears on the papyrus, to-
gether with its transliteration into hieroglyphs, after the practice of Egyptologists, in
order to facilitate reading the number. We should point out that Egyptian writing
goes from right to left. The original is written in black and red ink, and in our ver-
sion here, we have indicated what was written in red by putting it in bold.

A. Duplation

Rhind Papyrus
Rhind Mathematical Papyrus, translation by A. Chace, 1927-1929
Problem 6, Plate 38

Hieratic texl as it appears on the papyrus

éf—/ J[a[]ﬁj{-m‘zclel\é"";
;«mﬁ AN AgZ AT

Transcription in hieroglyphics
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